We use the light-front Hamiltonian of transverse lattice gauge theory to compute from first principles the glueball spectrum and light-front wave functions in the leading order of the 1͞N c color expansion. We find 0 11 , 2 11 , and 1 12 glueballs having masses consistent with N c 3 data available from Euclidean lattice path integral methods. The wave functions exhibit a light-front constituent gluon structure. [S0031-9007(98) PACS numbers: 12.39. Mk, 11.15.Pg, 12.38.Gc, 12.38.Lg There is growing experimental evidence that glueballs, bound states of gluons in the SU(3) gauge theory quantum chromodynamics (QCD), have been discovered in the mass range 1.5-1.7 GeV [1] [2] [3] . But the confinement feature of QCD-interactions grow stronger as the energy of a process decreases-complicates any first principles calculation of the bound state problem. Until now, the most successful bound state calculations use a Euclidean spacetime lattice and simulate the path integral by Monte Carlo methods. These difficult calculations are now roughly consistent with the experimental signatures of glueballs [2, 4] , although much detail remains to be clarified. Therefore, it is important to have some independent method of calculating the properties of glueballs from first principles in gauge theory. In this Letter, we present our first results on this problem using an effective light-front Hamiltonian quantization (canonical quantization on a null plane in spacetime). This is the transverse lattice method, suggested originally by Bardeen and Pearson [5, 6] , which we have developed to the extent that quantitative calculations are now feasible [7, 8] .
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Although this work is ostensibly about glueballs, we have a more general motivation for developing the lightfront Hamiltonian formulation of gauge theory. A lightfront Hamiltonian has Lorentz-frame-independent wave functions. Together with the simplicity of the light-front vacuum, this leads to a field-theoretic realization of the parton model for hadrons on which so much understanding is based. The rich phenomenology in hadronic and nuclear physics that would follow from knowledge of the light-front wave functions is surveyed in the lectures of Brodsky [9] . We will use the glueball problem in QCD, which is especially difficult computationally, as a quantitative test of our light-front formalism.
A detailed account of our methods and various quantitative tests that we have performed, mostly in 2 1 1 dimensions, can be found in Refs. [7, 8] , but we will briefly review the salient points below. We will work in the leading order of the 1͞N c expansion of SU͑N c ͒ gauge theory, which omits the 1͞N 2 c -suppressed glue configurations. It also removes "sea" quarks from our theory, an approximation also used in the Euclidean lattice calculations. We work on a coarse transverse lattice, using an effective potential tuned to minimize discretization errors. 
where r, s [ ͕1, 2͖; a, b [ ͕0, 3͖; and
A a ͑x͒ is the gauge potential at transverse site x, while M r ͑x͒ [ GL͑N c , C͒ is a link variable from x to x 1 ar which carries color flux between sites. Our use of noncompact variables at finite a is the basis of the colordielectric formulation of lattice gauge theory [10] . The action (1) is gauge invariant at each transverse lattice site under
for U [ SU͑N c ͒. The dimensionful coupling G 2 ͑a͒ is such that a 2 G 2 ! g 2 in the classical continuum limit a ! 0, where g 2 is the usual continuum gauge coupling. We include a gauge-invariant effective potential V x ͓M͔ consisting of Wilson flux loops on the transverse lattice. The exact form we use is given below. Part of its job is to ensure that M is forced to be a unitary matrix as a ! 0, so that continuum QCD is recovered à la Wilson [11] . More generally, we choose it to minimize violations of Lorentz covariance at finite a. The idea is that we tune the couplings of V along an approximation to the Lorentz covariant scaling trajectory which leads to continuum QCD as a ! 0. Then, for low energy observables, such as bound state masses, one can work at finite a.
We perform light-front quantization, treating x 1 ͑x 0 1 x 3 ͒͞ p 2 as time, and pick the light-front gauge
2 is a constrained field which we eliminate by solving its equation of motion classically. Working in the leading 1͞N c approximation has some simplifying consequences. In the transverse rest frame P 0, EguchiKawai reduction occurs at large a, so that the argument x may be dropped [7] . This results in a light-front Hamiltonian of the form
This Hamiltonian includes all Eguchi-Kawai-reduced Wilson loops on the transverse lattice up to fourth order in M; this is our approximation to the effective potential V . Generalization to higher orders is straightforward. The Hamiltonian is diagonalized in a parton Fock space of M r , at fixed total momentum P 1 , built from its Fourier modes at x 1 0:
However, only closed flux loops, invariant under residual x 2 -independent gauge transformations U, have finite energy. These loops propagate without splitting or joining at leading 1͞N c order.
Even with a finite lattice spacing a, the Hamiltonian (5) is not yet completely regulated. We impose periodic boundary conditions in x 2 and a cutoff on the maximum number of link partons a r in the Fock space. For each choice of couplings in the Hamiltonian, we remove these latter cutoffs by extrapolation, following a continuum improvement procedure.
Tuning the effective potential.-To test for Lorentz covariance, we measure the dispersion relations of glueball bound states as a function of couplings in V . This requires us to work at P fi 0, which can be achieved by adding appropriate phase factors to matrix elements of P 2 above [8] . Using G 2 N c to set the dimensionful scale, the dispersion relation of each glueball can be written
For each glueball in the light spectrum and for fixed m 2 , we tune the couplings l i and b so that, as far as possible,
c on is the speed of light in the direction x ͑1, 0͒; c off is the speed of light in the direction x ͑1, 1͒. To further help optimize lattice discretization errors, we include in the x 2 test a measure of deviations from rotational invariance of the heavy-quark potential, including deviations from s T s L and deviations from Lorentz multiplet structure in the glueball spectrum. s L ͞G 2 N c is the only basic quantity which is poorly determined by our current approximations, and our results were particularly sensitive to the variance assignment in the x 2 test for this datum (though still compatible with the systematic error estimate we make below).
According to the color-dielectric picture, large m will correspond to large a where discretization errors grow, while small m corresponds to intermediate spacing a. Sufficiently small a produces a nontrivial light-front vacuum, signalled by the appearance of tachyons; it would be difficult to construct an effective potential in this regime. Instead, we use an effective potential at intermediate a on a trivial light-front vacuum. In 2 1 1 dimensions, the above procedure accurately identified a Lorentz covariant scaling trajectory at intermediate a [8] .
The results we present below are based on a similar trajectory which we have found in 3 1 1 dimensions, though further work is needed to reduce systematic errors.
Results.-In Table I , we show results for various components of the lightest glueballs at a transverse lattice spacing a 1.1͞ p s ഠ 0.49 fm, at the overall x 2 minimum for this a. In order to establish the scaling trajectory, we have performed calculations at other lattice spacings: At smaller lattice spacing tachyons appear, indicating breakdown of the trivial vacuum regime. For larger lattice spacings, the couplings evolve gradually, and the minimum x 2 value grows. For the ground state 0 11 , we find approximate scaling and maintenance of Lorentz covariance ͑a͞
The errors shown on glueball masses in Table I are estimates of the error in removing the periodic boundary condition on x 2 and the cutoff on the maximum number link variables M r in a wave function; these errors are under control. Only for the 0 11 mass are we confident enough to estimate the finite-a systematic error. The Lorentz covariant scaling trajectory will need to be determined more accurately before similar statements can be made for the higher states. In 2 1 1 dimensions, we found that, when the deduced speed of light becomes isotropic to within about 10%, the corresponding glueball mass is also accurate at this level; this also seems to be the case in 3 1 1 dimensions.
We now compare our results with spectra from conventional Euclidean lattice Monte Carlo (ELMC) simulations (see Fig. 1 ). (Recently, large N c glueball mass ratios have been calculated using a conjectured duality with supergravity [13] ; we will not discuss these results since their errors are not quantified.) 0 11 : Based on violations of Lorentz covariance and variation of M along the scaling trajectory, we include an estimate of systematic error for this state; M 3.3 6 0.2 p s. A continuum extrapolation of SU(3) ELMC data has been made in Ref. [14] ; M 3.65͑15͒ p s (statistical error). Furthermore, measurements for SU (2) and SU (4) for N c 4 [15] . N c `light-front predictions are from components behaving covariantly in Table I , including the total error estimate for the 0 11 . The dotted lines are to guide the eye, and correspond to the expectation of leading linear dependence on 1͞N SU(3) ELMC work suggests a lighter mass [4] . Barring an unusual large-N c extrapolation, it seems likely that this state (which posed problems for early ELMC studies also) is poorly described with our current approximations.
As an example of what may be deduced from wave functions, in Fig. 2 we plot the distribution of longitudinal momentum fraction x k 1 ͞P 1 in the 0 11 glueball at a 1.1͞ p s. G d ͑x͒ is the probability distribution for a link parton a r ͑k 1 ͒ and becomes the usual gluon distribution function in the continuum limit a ! 0 [8] . At finite a, G d may be interpreted as a light-front constituent gluon distribution that evolves with a. We find that our 0 11 light-front wave function consists mostly of four such constituents; it does not obey a gluonium picture (two constituent gluons).
In conclusion, we have measured glueball masses in QCD, using the 1͞N c expansion and different quantization, field variables, regulators, and gauge fixing from the traditional Euclidean lattice path integral simulations. The results from both approaches are consistent for QCD without quarks, indicating a 0 11 glueball near 1.6 GeV, and 1͞N 2 c corrections appear to be small for the 0 11 and 2
11
states. [In this latter regard, it would be interesting to see better data at SU (4) .] We found that light-front wave functions exhibit a constituent gluon structure, although not of the form one might naively guess. In order to improve the accuracy of the Lorentz covariant scaling trajectory, future work includes choosing other observables to set the scale and incorporating higher order effective interactions. Finally, we note that the reintroduction of quarks will be necessary for a detailed comparison with experimenting glueball candidates, which mix with nearby scalar quarkonia [1, 3] . The work of S. D. is supported by CERN. We thank M. Teper for helpful interactions. A portion of the computations were performed at Argonne's Center for Computational Science and Technology.
